Abstract. A classic result of Swan states that a finite group G acts freely on a finite homotopy sphere if and only if every abelian subgroup of G is cyclic. Following this result, Benson and Carlson conjectured that a finite group G acts freely on a finite complex with the homotopy type of n spheres if the rank of G is less than or equal to n. Recently, Adem and Smith have shown that every rank two finite p-group acts freely on a finite complex with the homotopy type of two spheres. In this paper we will make further progress, showing that rank two groups act freely on a finite homotopy product of two spheres. By letting T p be the semidirect product (Z p × Z p ) ⋊ θ SL 2 (F p ) where the action θ is given by the obvious inclusion
Introduction
Recall that the p-rank of a finite group G, rk p (G), is the largest rank of an elementary abelian p-subgroup of G and that the rank of a finite group G, rk(G), is the maximum of rk p (G) taken over all primes p. In addition we can define the homotopy rank of a finite group G, h(G), to be the minimal integer k such that G acts freely on a finite CW-complex Y ≃ S n 1 × S n 2 × · · · × S n k . Benson and Carlson [7] state a conjecture that for any finite group G, rk(G) = h(G). The case of this conjecture when G is a rank one group is a direct result of Swan's theorem [24] . Benson and Carlson's conjecture has also been verified by Adem and Smith [1, 2] in the case when G is a rank two p-group. In addition, recall that Heller [15] has shown that for a finite group G, if h(G) = 2, then rk(G) = 2. In this paper we will verify this same conjecture for all rank two groups that do not contain a particular type of subgroup.
Before we state our main theorem, we define the subgroups that we exclude: for each odd prime p, let T p be the semidirect product (Z p × Z p ) ⋊ θ SL 2 (F p ) where the action θ is given by the obvious inclusion SL 2 (F p ) → GL 2 (F p ) ∼ = Aut(Z p × Z p ).
We can now state our main theorem.
Theorem 1. Let G be a finite group such that rk(G) = 2. G acts freely on a finite CWcomplex Y ≃ S n 1 × S n 2 unless for some odd prime p, G contains a subgroup H such that H/O p′ (H) ∼ = T p .
The following corollary, which can also be shown using more direct methods, follows immediately from Theorem 1:
Corollary 2. If G is a finite group of odd order with rk(G) = 2, then G acts on a finite CW-complex Y ≃ S n 1 × S n 2 .
I am grateful to the referee and to Antonio Viruel and Antonio Diaz for helpful comments in fixing Section 4.
Preliminaries
Recall that Adem and Smith have shown that if G is a rank two p-group then h(G) = 2 [1, 2] . In their proof they use the following theorem:
Theorem 3 (Adem and Smith [2] ). Let G be a finite group and let X be a finitely dominated, simply connected G-CW complex such that every isotropy subgroup has rank one. Then for some integer N > 0 there exists a finite CW-complex Y ≃ S N × X and a free action of G on Y such that the projection Y → X is G-equivariant.
In the present work, we apply Theorem 3 for a rank two group by finding an action of the group on a CW-complex X ≃ S n such that the isotropy subgroups are of rank one. Adem and Smith in [2] also developed a sufficient condition for this type of action to exist.
To explore this sufficient condition, we start by letting G be a finite group. Given a G-CW complex X ≃ S N −1 , there is a fibration
This fibration gives an Euler class β, which is a cohomology class in H N (G). This cohomology class is the transgression in the Serre spectral sequence of the fundamental class of the fiber. Regarding this class Adem and Smith made the following definition:
Definition 4 (Adem and Smith [2] ). Let G be a finite group. The Euler class β of a G-CW complex X ≃ S N −1 is called effective if the Krull dimension of H * (X × G EG, F p ) is less than rk(G) for all p||G|.
Adem and Smith have proven the following lemma characterizing effective Euler classes:
Lemma 5 (Adem and Smith [2] ). Let β ∈ H N (G) be the Euler class of an action on a finite dimensional X ≃ S N −1 . β is effective if and only if every maximal rank elementary abelian subgroup of G acts without stationary points.
Remark 6. By applying Lemma 5 and Theorem 3, we see that any finite group of rank two having an effective Euler class of an action on a finite dimensional X ≃ S N −1 acts freely on a finite CW-complex Y ≃ S m × S N −1 .
Recall that for a group G, BG is the classifying space of G. Also [BG, BU(n)] represents the homotopy classes of maps from BG to BU(n), which may also be written as π 0 Hom(BG, BU(n)) (see [12] ). In addition, recall that [BG, BU(n)] is isomorphic to the set of isomorphism classes of rank n complex vector bundles over BG. In this discussion, complex vector bundles over BG will be thought of as elements of [BG, BU(n)].
Recall that the Euler class of the universal bundle over BU(n) is the top Chern class, which lies in H 2n (BU(n)). We will call this class ξ. A map ϕ : BG → BU(n) induces a map
. Thus the image of ξ under ϕ * is the Euler class of the vector bundle over BG that corresponds to ϕ. Let β ϕ = ϕ * (ξ) be this class, which is the Euler class of a G-CW complex that is the unit sphere bundle of the vector bundle. This G-CW complex is the fiber as discussed at the outset. Recall that if ϕ and µ are homotopic maps from BG to BU(n), then β ϕ = β µ ; therefore, the Euler class of a homotopy class of maps is well defined.
Recall that Dwyer and Zabrodsky [12] have shown that for any p-subgroup P ,
where Rep(P, U(n)) = Hom(P, U(n))/Inn(U(n)) and the map is ρ → Bρ. So if ϕ is a map BG → BU(n) and if P is a p-subgroup of G for some prime p, ϕ| BP is induced by a unitary representation of P . The following proposition gives the characterization of effectiveness for the Euler class β ϕ .
Proposition 7 ([1, section 4]
). An Euler class β ϕ is effective if and only if for each elementary abelian subgroup E of G with rk(E) = rk(G), there is a unitary representation λ : E → U(n) such that ϕ E = Bλ and that λ does not have the trivial representation as one of its irreducible constituents.
As we proceed we will want to work separately with each prime. Definition 8 will be useful in this endeavor. Definition 8. Let G be a finite group. The Euler class β ϕ is called p-effective if for each elementary abelian p-subgroup E of G with rk(E) = rk(G), there is a unitary representation λ : E → U(n) such that ϕ E = Bλ and that λ does not have the trivial representation as one of its irreducible constituents.
It is clear then that β ϕ is effective if and only if it is p-effective for each p||G|. Also if rk p (G) < rk(G), then any β ϕ is p-effective since it trivially satisfies the above definition; therefore, we can restate the above proposition: β ϕ is effective if and only if it is p-effective for each prime p such that rk p (G) = rk(G).
Recall that G is a finite group, p is a prime dividing the order of G, and G p is a Sylow p-subgroup of G. In addition we will use Char n (G p ) to represent the set of degree n complex characters of G p and will let Char G n (G p ) represent the subset consisting of those degree n complex characters of G p that are the restrictions of class functions of G.
Definition 9 concerns the characters of subgroups of G. Definition 9. Let H ⊆ G be a subgroup. Let χ be a character of H. We say that χ respects fusion in G if for each pair of elements h, k ∈ H such that ∃ g ∈ G with h = gkg −1 , χ(h) = χ(k).
Remark 10. Let H ⊆ G. A sufficient condition for a character of H to respect fusion in G is for the character to be constant on elements of the same order.
Notice that for χ ∈ Char n (G p ), χ respects fusion in G if and only if χ ∈ Char G n (G p ). In a previous paper [20] , the author has shown the following theorem:
Theorem 11 (Jackson [20, Theorem 1.3] ). If G is a finite group that does not contain a rank three elementary abelian subgroup, then the natural mapping
is a surjection.
Combining Theorem 11 and Definition 8, we get the following theorem.
Theorem 12. Let G be a finite group, p a prime dividing |G|, and G p a Sylow p-subgroup of G. If there is a character χ of G p that respects fusion in G and has the property that [χ| E , 1 E ] = 0 for each E ⊆ G p elementary abelian with rk(E) = rk(G), then there is a complex vector bundle over BG whose Euler class is p-effective.
Remark 13. Let p be a prime, G p a p-group of rank n, and χ a character of G p . A sufficient condition to guarantee that [χ| E , 1 E ] = 0 for each E ⊆ G p elementary abelian with rk(E) = rk(G p ), is that χ(1) = c(p n − 1) and χ(g) = −c for each element of G p of order p. In this case, χ| E = c(ρ − 1) where ρ is the regular character of the group E.
Theorem 12 leads to definition 14: Definition 14. Let G be a finite group, p a prime dividing |G|, and G p a Sylow p-subgroup of G. A character χ of G p is called a p-effective character of G under two conditions: χ respects fusion in G, and for each E ⊆ G p elementary abelian with rk(
Remark 15. Let G be a finite group, p a prime dividing |G|, and G p a Sylow p-subgroup of G. A character χ of G p is p-effective if χ is both constant on elements of the same order and [χ| E , 1 E ] = 0 for each E ⊆ G p elementary abelian with rk(E) = rk(G) . (This follows from Remark 10.) Applying Definition 14, Theorem 12 can be restated as follows: If G has a p-effective character, then there is a complex vector bundle over BG whose Euler class is p-effective.
We have now proved Theorem 16, which is a modified form of a theorem by Adem and Smith.
Theorem 16 (See [2, Theorem 7.2])
. Let G be a finite group with rk(G) = 2. If for each prime p dividing the order of G there exists a p-effective character of G, then G acts freely on a finite CW-complex
Proof. For each prime p dividing the order of G, let χ p be a p-effective character of G. There exists an integer n such that χ p (1) divides n for each pdividing the order of G. (
The Euler class of the homotopy class ϕ is then an effective Euler class of G. Theorem 16 then follows from Remark 6.
Theorem 16 reduces the problem of showing that a rank two finite group G acts freely on a finite CW-complex Y ≃ S N 1 × S N 2 to the problem of demonstrating that for each prime p there is a p-effective character of G. It is important to state that not all rank two finite groups have a p-effective character for each prime p. An example of a finite group that does not contain a p-effective character for a particular prime is given in the following corollary, which will be proven in Section 6.
Corollary 17. Let p be an odd prime. The group P SL 3 (F p ) does not have a p-effective character.
We notice that the groups P SL 3 (F p ), for odd primes p, are the only finite simple groups of rank 2 that were not shown by Adem and Smith to act freely on a finite CW-complex
Sufficient conditions for p-effective characters
In Section 3 we will show the existence of the most important sufficient condition for the existence of a p-effective character. We start by recalling the following definition: Definition 18. Let G be a finite group and H and K subgroups such that H ⊂ K. We say that H is strongly closed in K with respect to G if for each g ∈ G, gHg
Remark 19. Let G be a finite group and H and K subgroups such that H ⊂ K. We say that H is weakly closed in K with respect to G if for each g ∈ G with gHg −1 ⊆ K, gHg −1 H. For a subgroup H of prime order, H is strongly closed in K with respect to G if and only H weakly closed in K with respect to G.
Lemma 20. If E is an elementary abelian subgroup of a p-group P , then the product A Ω 1 (Z(P )) is an elementary abelian subgroup of P . In particular, if E is a maximal elementary abelian subgroup of P under inclusion, then Ω 1 (Z(P )) ⊆ A.
Proof. Let Z = Ω 1 (Z(P )). Since Z is central, the product A Ω 1 (Z(P )) is abelian. The product is generated by elements of order p and so must be elementary abelian.
Corollary 21. Let P be a p-group with rk(P ) = rk(Z(P )). Ω 1 (Z(P )) is the unique elementary abelian subgroup of P that is maximal under inclusion. In addition, Ω 1 (P ) = Ω 1 (Z(P )), and Ω 1 (Z(P )) is strongly closed in P with respect to G.
Proof. If E is a maximal elementary abelian subgroup of P under inclusion, then Ω 1 (Z(P )) ⊆ E by Lemma 20. Equality holds since rk(E) ≤ rk(P ) = rk(Ω 1 (Z(P ))).
Again we let p be a prime dividing the order of a finite group G and let G p ∈ Syl p (G). We show that if there is a subgroup of Z(G p ) that is strongly closed in G p with respect to G, then G has a p-effective character in the following proposition:
Proposition 22. Let G be a finite group, n = rk(G), p a prime divisor of |G| with rk p (G) = n, and G p a Sylow p-subgroup of G. If there exists H ⊆ Z(G p ) such that H is non-empty and strongly closed in G p with respect to G, then G has a p-effective character.
Before we prove Proposition 22, we state the following standard lemma, which we will need in the proof of Proposition 22.
Lemma 23. Let G be a finite group and H
. Lemma 23 holds since a i ≥ 0 and a 1 > 0. We will now prove Proposition 22.
Proof. Let H ⊆ Z(G p ) such that H is non-empty and strongly closed in G p with respect to G. Let K = Ω 1 (H) (the subgroup of H generated by the elements of H which are of order p). So there is an i ≤ n with
Since H is strongly closed in G p with respect to G, K is strongly closed in G p with respect to G. ϕ respects fusion in G; therefore,
therefore, we may apply the previous Lemma 23 to see that
which is a contradiction; thus, if E is an elementary abelian p-subgroup of G p of rank n, [ϕ| E , 1 E ] = 0. ϕ is therefore a p-effective character of G.
We also prove a Corollary to Proposition 22.
Corollary 24. Let G be a finite group, p a prime divisor of |G| with rk(G) = rk p (G) = n, and G p a Sylow p-subgroup of G. If rk(Z(G p )) = n, then G has a p-effective character.
Proof. By Corollary 21, Ω 1 (Z(G p )) is strongly closed in G p with respect to G. Corollary 24 then follows from Proposition 22.
In Section 4 and 5, we will look at the possible types of rank two groups where this sufficient condition hold. In Section 4 we will look at the case where p is an odd prime, while in Section 5 we will examine the case where p = 2.
Odd primes
When p is an odd prime and rk p (G) = 2, we show that if the sufficiency condition of Proposition 22 does not hold, then G must contain a specific type of subgroup. Let p > 2 be a prime and let T p be the semidirect product (Z/ p × Z/ p ) ⋊ θ SL 2 (F p ) where the action θ is given by the obvious inclusion
Before we list the next theorem, we need two definitions and a lemma.
is a p′-subgroup. Definition 26 (see [14] ). Let P ⊆ G be a p-centric subgroup. P is said to be principal p-radical if O p (N G (P )/P C G (P )) = {1}.
Lemma 27 (Diaz, Ruiz, Viruel [10, Section 3]). Let G be a finite group and p > 2 a prime with rk p (G) = 2. Let G p ∈ Syl p (G) and P be a principal p-radical subgroup of G. If P = G p and P is metacyclic, then P ∼ = Z/ p n × Z/ p n with either p = 3 or n = 1.
The lemma above follows from Corollaries 3.7 and 3.8 as well as Proposition 3.12 of [10] . The argument in [10] is written in the language of fusion systems, but can be applied to finite groups giving Lemma 27
Lemma 28 (Ruiz, Viruel [18, Lemma 4.1](see also [10] )). Let G be a subgroup of GL 2 (p)
Proof. Notice that rk(Z(G p )) = 1 by Corollary 21. Let Z = Ω 1 (Z(G p )). By hypothesis, Z is not strongly closed in G p with respect to G. Recall that Alperin's Fusion Theory [3] states that given a weak conjugation family F , there exists an (S, T ) ∈ F with Z ⊆ S ⊆ G p and with Z not strongly closed in S with respect to T . The author has shown in a previous paper [20] that the collection of all pairs (P, N G (P )), where P ⊆ G p is a principal p-radical subgroup of G, is a weak conjugation family. So there exists P ⊆ G p that is a principal p-radical subgroup of G with Z ⊆ P and with Z not strongly closed in P with respect to N G (P ). Notice that Z = P = G p and that rk p (Z(P )) = rk p (P ) = 2 (in particular p|[N G (P ) : P ]). Using the classification of rank two p-groups for odd primes p by Blackburn [8] (see also [10, 11] ), we notice that P must be metacyclic (since rk p (Z(P )) = 2). By Lemma 27, P ∼ = Z/ p n ×Z/ p n with either p = 3 or n = 1. We may consider the group of outer automorphisms Out(Z/ p n × Z/ p n ) as two by two matrices with coefficients in Z/ p n and with p not dividing the determinant. Reduction modulo p gives the following short exact sequence of groups:
And so ρ is an injection when restricted to
We point out here some connections between the results of Theorem 29 and previous work by Adem and Smith. Notice that Theorem 29 implies that any rank 2 group G that does not contain a subgroup isomorphic to T p has a p-effective character. A p-group P is called a Swan group if for any group G containing P as a Sylow p-subgroup, the mod-p cohomology ring
. A group with a Sylow p-subgroup that is a Swan group has been shown to have a p-effective character by Adem and Smith [2, Section 6]. Dietz and Glauberman (see [22] ) have shown that any odd order metacyclic group is a swan group. In addition, Diaz, Ruiz and Viruel [10] have shown that if P is a rank 2 p-group for p > 3, P is Swan unless it is a Sylow p-subgroup of T p . They also demonstrate that some rank two 3-groups of maximal class are Swan.
Prime two
The argument in this section will be done in two parts. First we will show that for the prime two, if the sufficiency condition of Proposition 22 does not hold for G and for prime 2, then G 2 ∈ Syl 2 (G) is either dihedral, semi-dihedral, or wreathed. In the second part we will deal with these exeptional cases. We start with two definitions:
Definition 30 ( [13, p. 191] ). Recall that a 2-group is semi-dihedral (sometimes called quasidihedral) if it is generated by two elements x and y subject to the relations that y 2 = x 2 n = 1 and yxy −1 = x −1+2 n−1 for some n ≥ 3.
Definition 31 ([13, p. 486]). A 2-group is called wreathed if it is generated by three elements x, y, and z subject to the relations that x 2 n = y 2 n = z 2 = 1, xy = yx, and zxz −1 = y with n ≥ 2.
Notice that the dihedral group of order 8 is wreathed. Now that we have these definitions we will state Proposition 32, which is crucial in our discussion of rank two 2-subgroups. The proof of Proposition 32 follows for the proof of a theorem by Alperin, Brauer, and Gorenstein [5, Proposition 7.1].
Proposition 32 (See Proposition 7.1 of [5] and its proof.). Let G be a finite group and G 2 ∈ Syl 2 (G). Suppose that rk(G 2 ) = 2. If Ω 1 (Z(G 2 )) is not strongly closed in G 2 with respect to G, then G 2 is either dihedral, semi-dihedral, or wreathed.
Since this proof follows from the proof of Proposition 7.1 of [5] , we will only state a brief outline, including the changes needed to prove our Proposition 32.
Again notice that rk(Z(G 2 )) = 1 by Corollary 21. If G 2 does not contain a normal rank 2 elementary abelian subgroup, then G 2 must be either dihedral or semi-dihedral (see [13, Theorem 5.4.10] ). We may assume that G 2 has a normal rank 2 elementary abelian subgroup, which we will call V . Letting
From the argument in [5] we get the following results: if We have seen that if G is a rank two finite group, it has a 2-effective character unless a Sylow 2-subgroup is dihedral, semi-dihedral, or wreathed. In the rest of this section we will show that in each of these three cases G also has a 2-effective character, which will complete the proof that a rank two finite group has a 2-effective character. The author proved the following two lemmas in his doctoral thesis [21] ; the proofs are included here for completeness. We will start with a lemma that will be used in the proof of Proposition 36.
Lemma 33. Let G be a finite group, let n = rk(G), let p a prime divisor of |G| with rk p (G) = n, and let
Proof. In each case we will show that G has a p-effective character by showing that Z(G p ) is strongly closed in G p with respect to G using Proposition 22. If G p is abelian, Z(G p ) = G p is obviously strongly closed in G p with respect to G (see Corollary 21) . In the case where
is strongly closed in G p with respect to G. If G is p-nilpotent then two elements of G p are conjugate in G if and only if they are conjugate in G p . Thus, in this case also, Z(G p ) is strongly closed in G p with respect to G.
Lemma 34. If P is a dihedral or semi-dihedral 2-group such that |P | = 2 n with n ≥ 3, then there is a character χ of P such that
Proof. Let N be the commutator subgroup [P, P ] and notice that P/N ∼ = Z/2 × Z/2. There is a non-trivial irreducible character λ of P/N with λ(gN) = 1 for g ∈ Z(P ) (recall Z(P ) ∼ = Z/2). If g ∈ P \ Z(P ) is an involution, then λ(gN) = −1. Let ρ(g) = λ(gN), which is a character of P .
We will define another character of P by first inductively defining a character of each D 2 m . We start by letting ψ 3 be the character of D 8 such that
For the induction, let ψ k = Ind
We see that if P is dihedral, then χ = ρ + ψ n , and Lemma 34 holds for dihedral 2-groups. On the other hand, if P is semidihedral, χ = ρ + Ind
Lemma 35. Let G be a finite group with G 2 ∈ Syl 2 (G) a wreathed 2-group. If rk(G) = 2 and G does not have a normal subgroup of index 2, then G has a 2-effective character.
Proof. Let G 2 be generated by x, y, and z as in Definition 31. Let n be the positive integer such that |G 2 | = 2 2n+1 . Recall that n ≥ 2. Let S 0 be the unique abelian subgroup of G 2 of index 2, which is generated by x and y. Let ρ be the character of
if k and l are nonzero with opposite parity 0 otherwise.
Next let H = G 2 / x 2 n−2 y −2 n−2 . Letx,ȳ, andz be the images of x, y, and z, respectively. We notice thatx
Let ψ be the character of K such that ψ(1) = 1, ψ(x 2 n−1 ) = ψ(z) = −1, and ψ(x 2 n−1z ) = 1. Let χ(g) = Ind
). We will show that χ is a 2-effective character of G. By definition χ is a character of G 2 . Since χ(1) = 3(2 2n−2 ) and χ(g) = −2 2n−2 for each involution g ∈ G 2 , we see that [χ| E , 1 E ] = 0 for each rank 2 elementary abelian subgroup E ⊂ G 2 (see Remark 13) . It is only left to show that χ respects fusion in G. The fusion pattern in this situation has been described by Brauer and Wong [9, Lemma 4] . First we will use is the fact that each element of G 2 \ S 0 is conjugate in G 2 to some element of the form
On the other hand if h = 2 n−1 , then x −h y −h z = x 2 n−1 y 2 n−1 z and x 2 n−1 −h y −h = y 2 n−1 . Since each of these four elements are involutions, χ will take the value of −2 2n−2 on each. Now consider the case when h = 2 n−2 ; in this case x −h y −h z = x −2 n−2 y −2 n−2 z and x 2 n−1 −h y −h = x 2 n−2 y −2 n−2 . We see that χ(x −2 n−2 y −2 n−2 z) = χ(x 2 n−1 z) = 2 2n−2 and that χ(x 2 n−2 y −2 n−2 ) = 2 2n−2 − 2 2n−1 = 2 2n−2 . We now check fusion inside of S 0 . Again by the work of Brauer and Wong [9, Lemma 4], we know that all such fusion occurs inside of N G (S 0 ) and that all such fusion is generated by two elements: z, which is in G 2 , and η where x η = y and y η = x −1 y −1 . Since z is in G 2 , χ already is known to respect the fusion given by z. Now we finish the proof of Lemma 35 by checking the fusion given by η. Consider
Notice that if either k or l is not conjugate to 0, 2 n−2 , 2 n−1 , or 3 · 2 n−2 modulo 2 n , then χ(x k y l ) = 0. The remaining 12 cases where x k y l has order of at least 4 are easily verified.
Proposition 36 (Jackson [21] ). If G is a finite group with a dihedral, semi-dihedral, or wreathed Sylow 2-subgroup such that rk(G) = 2, then G has a 2-effective character.
Proof. Let G 2 ∈ Syl 2 (G) and let n be the integer with |G 2 | = 2 n . If G 2 is either dihedral or semi-dihedral, then there is a character of G 2 such that
Since χ is constant on elements of the same order, it must respect fusion in G as in Remark 15. It is also clear that if E ⊆ G 2 is a rank 2 elementary abelian subgroup, [χ| E , 1 E ] = 0 (see Remark 13) . So χ is a 2-effective character of G.
We may now assume that G 2 is wreathed and is generated by x, y, and z as in Definition 31. Since G 2 is wreathed, one of the following holds (see [4, Proposition 2, p. 11]):
(1) G has no normal subgroups of index 2, (2) Z(G 2 ) is strongly closed in G 2 with respect to G, (3) G has a normal subgroup K with Sylow 2-subgroup S 0 generated by x and y, or (4) G is 2-nilpotent.
Case 1 was treated in Lemma 35. Case 2 has been treated in Proposition 22. We now treat case 3. Suppose G has a normal subgroup K with Sylow 2-subgroup S 0 generated by x and y. Notice that G 2 ∩ K = S 0 . We see that S 0 is weakly closed in G 2 with respect to G. By a standard result of Burnside (see [6, 37.6] ), N G (S 0 ) controls fusion in C G 2 (S 0 ) = S 0 . Also notice that any element of G 2 \ S 0 is conjugate in G to only those elements to which it is conjugate in G 2 . Also notice that N G (S 0 )/C G (S 0 ) ∼ = Σ 3 , and that this symmetric group permutes the elements x, y, and xy; furthermore, the character χ of G 2 given in Lemma 35 is again a 2-effective character in this case.
Case 4 was treated in Lemma 33.
To conclude Section 5, we state the following theorem whose proof has now been completed.
Theorem 37. For any rank two finite group G, G has a 2-effective character.
Counterexample
Looking at the last section, one may wonder if a similar argument can be made for odd primes; however, this is not the case. We will show the following proposition, which will show that there are rank two finite groups that do not have a p-effective character for each odd prime p:
Proposition 38. Let p be an odd prime and T p be the semidirect product
where the action θ is given by the obvious inclusion
Proof. Let G p ∈ Syl p (G). Notice that G p , which is a Sylow p-subgroup of T p , is an extraspecial p-group of size p 3 and exponent p. Let χ 1 , . . . , χ n be the irreducible characters of G p and assume that χ 1 is the trivial character. Notice from the structure of G p that if χ i (1) = 1, then for g ∈ G p , χ i (g) = 0 if and only if g ∈ Z(G p ). Also notice that Z(G p ) is cyclic of order p and Z(G p ) is not strongly closed in G p with respect to G. Let x ∈ Z(G p ) and y ∈ G p \ Z(G p ) such that there is a g ∈ G with y g = x. Suppose χ is a character of G p that is a p-effective character of G. There exists a 1 , . . . , a n ∈ Z ≥0 such that χ = n i=1 a i χ i . Since χ is a p-effective character of G, it respects fusion in G, which implies χ(x) = χ(y) and a 1 = 0. Suppose that a i > 0 for some i > 1 with χ i (1) = 1. Fixing this i, let E i = {g ∈ G p |χ i (g) = 1}. Notice that for such an i, E i is a rank two elementary abelian subgroup of G p . This implies that [χ i | E i , 1 E i ] = 1, so [χ| E i , 1 E i ] > 0, which contradicts the assumption that χ is a p-effective character of G; therefore, for each i such that χ i (1) = 1, a i = 0. Now So χ(y) = 0; therefore, χ(x) = 0. Since Z(G p ) is a cyclic group of order p, χ(z) = 0 for all z ∈ Z(G p ) \ {1}. Notice that in showing χ(z) = 0 for each z ∈ Z(G p ) \ {1}, we know that χ(g) = 0 for all g ∈ G p \ Z(G p ) by the structure of G; thus, χ(g) = 0 for all g ∈ G p \ {1}. So we see that χ must be identically zero, which contradicts the definition of p-effective character.
Lemma 39. Let G be a finite group with p a prime dividing |G| and H ⊆ G. Suppose that p divides |H| and that rk p (G) = rk p (H). If G has a p-effective character, so does H.
Proof. We may assume that rk p (H) = rk(G); otherwise the result is obvious. Let G p ∈ Syl p (G) such that H p = G p ∩ H ∈ Syl p (H). Let χ be a character of G p that is a p-effective character of G. Obviously χ| Hp is a character of H p , which is not identically zero. Since χ respects fusion in G, χ| Hp respects fusion in H. Any maximal rank elementary abelian subgroup of H p is also a maximal rank elementary abelian subgroup of G p . The lemma follows easily from this.
Combining Lemma 39 with Theorems 29 and 37, we get the following theorem from which Corollary 17 follows:
Theorem 40. Let G be a finite group of rank two and let p be a prime dividing |G|. G has p-effective character if and only if either p = 2 or both p > 2 and G does not contain a subgroup H such that H/O p′ (H) ∼ = T p .
In showing that a finite group G of rank two acts freely on a finite complex Y ≃ S n × S m , we actually showed that G acts on a finite complex X ≃ S m with isotropy groups of rank one and then applied Theorem 3. Ozgun Unlu [25] has shown that for each odd prime p, T p cannot act on any finite complex homotopy equivalent to a sphere with rank one isotropy groups. From Unlu's proof it is clear that for any odd prime p and group H, such that for a normal p ′ -subgroup N ¡ H, H/N ∼ = T p , H cannot act on any finite complex homotopy equivalent to a sphere with rank one isotropy groups.
Combining the result of Unlu with Theorem 40 and the discussion in Section 2, we conclude with the following proposition:
Proposition 41. Let G be a finite group of rank two. G acts on some finite complex homotopy equivalent to a sphere with rank one isotropy groups if and only if for each prime p, G does not contain a subgroup H such that H/O p′ (H) ∼ = T p .
